Using the concept of brick-products, Alspach and Zhang showed in Alspach and Zhang (1989) that all cubic Cayley graphs over dihedral groups are Hamiltonian. It is also conjectured that all brick-products C(2n, m, r) are Hamiltonian laceable, in the sense that any two vertices at odd distance apart can be joined by a Hamiltonian path. In this paper, we shall study the Hamiltonian iaceability of brick-products C(2n, m, r) with only one cycle (i.e. m = 1). To be more specific, we shall provide a technique with which we can show that when the chord length r is 3,5,7 or 9, the corresponding brick-products are Hamiltonian laceable. Let s = gcd((r + 1)/2, n) and t = gcd((r -1)/2, n). We then show that the brick-product C(2n, 1, r) is Hamiltonian laceable if (i) st is even; (ii) s is odd and rs = r + 1 + 3s (mod 4n); or (iii) t is odd and rt = r -1 -3t (mod 4n). In general, when n is sufficiently large, say n >/r 2 -r + 1, then the brick-product is also Hamiltonian iaceable.
Introduction
Let G be a group and S a generating subset of G such that the identity element 1 $ S and x-1 e S for each x e S. The Cayley graph X(G; S) on a group G has the elements of G as its vertices and edges joining g and gs for all g e G and s ~ S. The question whether or not all Cayley graphs are Hamiltonian still remains unsolved, though it was shown in [3-1 that all Cayley graphs over Abelian groups which are neither bipartite nor isomorphic to a cycle are Hamiltonian-connected (in the sense that any two vertices can be joined by a Hamiltonian path). For the case when the groups involved are not Abelian, the problem seems extremely difficult. Even for dihedral groups D,, it was only shown in I2-1 that the Cayley graphs are Hamiltonian when they are cubic. In the same paper, it was shown that when the Cayley graph is C(10,1,5) :
5. C(10,2,4) ( ) ....... (1, 1) (1,7) (1,0)..."" (~,I) (3,5) (3, 6) . . .i::' 
X(D,, S)
, where S is a minimal generating set of D, consisting of three elements of order 2, it is isomorphic to a brick-product as defined below:
Definition. Let m,n and r be a positive integers. Let C2n = 012 ... (2n-1)0 denote a cycle of order 2n. The (m, r)-brick-product of C2,, denoted by C(2n, m, r) , is defined in two cases as follows.
For m = 1, we require that r be odd and greater than 1. Then C(2n, m, r) is obtained from C2, by adding chords 2k(2k + r), k = 1 ..... n, where the computation is performed modulo 2n.
For m > 1, we require that m + r be even. Then C(2n, m, r) is obtained by first taking the disjoint union of m copies of C2,, namely C2n(1), C2n (2) Examples. The brick-products COO, 1, 5), COO, 2, 4) and C(10, 3, 5) are given in Fig. 1 .
. m, C2,(i)=(i,O)(i, 1)...(i,2n
Using the concept of brick-products, Alspach and Zhang show in [2] that all cubic Cayley graphs over dihedral groups are Hamiltonian. It is also conjectured that all brick-products C(2n, m, r) are Hamiltonian laceable (in the sense that any two vertices at odd distance apart can be joined by a Hamiltonian path). In [1] , it was shown that the conjecture is true for m even. In this paper, we shall study the Hamiltonian laceability of brick-products with only one cycle (i.e. m = 1). To be more specific, we shall show that when r is 3 or 5, the corresponding brick-products are Hamiltonian laceable. The technique employed can also be used to show the Hamiltonian laceability of brick-products with r = 7 or 9. Let s = gcd((r + 1)/2, n) and t = gcd((r -1)/2, n).
We then show that the brick-product C(2n, 1, r) is Hamiltonian laceable if(i) st is even; (ii) s is odd and rs ---r + 1 + 3s (rood 4n); or (iii) t is odd and rt --r -1 -3t (rood 4n).
In general, when n is sufficiently large, say n >~ r 2 -r + 1, then the brick-product is also Hamiltonian laceable.
Cycles with chords of small length
Throughout this paper, we let G = C(2n, 1, r) and denote the vertices of G by {1,2 ..... 2n}. Note that the edges of G are 12, 23,...,(2n-1)(2n), (2n)l and (2k)(2k + r) for k = 1, 2 ..... n where 2k + r is computed modulo 2n. We shall call each of the edges (2k)(2k + r) a chord edge and r the chord length of G.
In this section, we shall show that if the chord length r = 3 or 5, then the brick-products involved are Hamiltonian laceable. The technique used here can also be applied to prove the Hamiltonian laceability of G when the chord length r is 7 or 9 (but not for r/> 11). First, we need to introduce the following terminologies.
Let m ~< 2n. For each vertex x of G, we shall write: A path P in G from x to y is said to be gapless if there exists a, b e 7/with a ~< b, such that V(P) = [a,b] (= {a,a + 1,a + 2 ..... b}) and each chord edge of P is of the form e(e + r) with both e, e + r ~ [a, b] . We shall call b the extremal vertex of P.
Note that a and b may be negative, as vertices of the form 2n -s may also be denoted by -s.
The following three lemmas are straightforward. Combining the above three lemmas, we see that there exists a Hamiltonian path in G from 1 to 2k for each k ~< n. However, as G is a Cayley graph and so vertextransitive, we have the following theorem. 
Proof. Let q = r -(2s + 1 -2u). Then the required gapless path is
Let 2u, 2v be integers. The pair (2u, 2v) is said to be an attainable pair if there exists a gapless path of order 2u in G from 1 to 2v. Thus, by definition, if(2u, 2v) is attainable and the order of G is 2u, then G contains a Hamiltonian path from l to 2v.
As an immediate consequence of Lemma 5, we have the following corollary.
Also, as an immediate consequence of Lemma 6, we have the following corollary.
Corollary 8. If there exists a gapless path of order m from 1 to 2u in G with extremal vertex 2s + 1, where 2s + l -2u < r, then for each k with m + k(r + l)-N< 2n
Theorem 9, G = C(2n, l, 5) is Hamiltonian laceable.
Proof. As G is vertex transitive, we need only to show that there exists a Hamiltonian path in G from 1 to 2k for any k ~< n. By virtue of the corollaries to Lemmas 5 and 6, we need only to establish the following nine claims.
Claim 1. There exists a Hamiltonian path in G from 1 to 2. Indeed, a required path is
B. Alspach et at. / Discrete Mathematics 151 (1996) By using a similar argument as that for Theorem 9, we can continue to show that C(2n, 1, 7) and C(2n, 1, 9) are Hamiltonian laceable. However, the number of cases we need to consider increases considerably. Also, the same approach is no longer valid when the chord length is more than 9. In the next two sections, we shall study the Hamiltonian laceability of C(2n, 1, r) when the chord length r is larger than 5.
Decomposable brick-products
Let G = C(2n, l,r) whose vertices are labeled 1,2 ..... 2n, as mentioned before. Let G' and G" denote, respectively, the sequence 12(2 + r)(2 + r + 1)(2 + 2r + 1) × (2+2r+2)..-(2+(n-ljr+(n-2))(2+(n-1)r+(n-1)) and the sequence 1(1 -r)(2 -r)(2 -2r)... (n -(n -l)r)(n -nr). If G' and G" are both Hamiltonian cycles of G, then we say the graph G is indecomposable. Otherwise, G is said to be decomposable.
Lemma 10. Let G = C(2n, 3, 1). Then, for any odd y with 1 < y < 2n, the subgraph of G induced by G(y) = {(x, k) 1 ~< k ~< y} -{(1, 1)} contains a Hamiltonian path from (2, y) to (1,y) .
Proof. If y = 3, then a required path is P(3) = (2, 3)(3, 3)(3, 2)(3, 1)(2, 1)(2, 2)(1,2)(1,3). Ify = 5, then a required path is P(5) = (2, 5)(3, 5)(3,4)(P(3))-1(2, 4)(1, 4)(1, 5). Ify = 7, then a required path is P(7) = (2, 7)(3, 7)(3, 6)(P(5))-1(2, 6)(1, 6)(1, 7). The result now follows by induction on y (see the illustration in the figure below). [] (1,2) O,a) (1,4) (1,5) (1,6) (1,7) (2,1) I (3,1) (3,2) (3,3) (3,4) (3,5) (3,6) (3,7) Lemma ll. Let G= C(2n, 3, 1) . For any odd y with 1 < y < 2n and any positive integer k with y+4k<~ 2n+ 1, the subgraph of G induced by {(i,j)li= 1,2,3; y <~j < y + 4k) contains a Hamiltonian path from (1,y) to (2,y) .
Proof. We shall prove by induction on k. If k = 1, a required path is (1,y)(1,y + 1) (2,y + 1)(2,y + 2)(2,y + 3)(1,y + 3)(1,y + 2)(3,y + 3)(3,y + 2)(3,y + 1)(3, y) (2, y) .
Assume that the result hold for k = N and consider the case when k = N + 1. By inductive hypothesis, there exists a Hamiltonian path P in the subgraph of G induced by {(i,j)li= 1,2,3; y+4<~j<y+4k} from (1,y+4) to (2,y+4) . Then, (1,y) (1,y + 1)(2, y + 1)(2, y + 2)(2, y + 3)P-'(1, y + 3)(1,y + 2)(3, y + 3)(3, y + 2) (2, y + 1)(3, y)(2, y) will be a required Hamiltonian path (see the figure shown below for k = 2 (
Now, let 2 < k < 2n. By Lemma 10, there exists a Hamiltonian path P in the induced subgraph G(k -1) from (2, k -1) to (1, k -1) . We then have a Hamiltonian path in G from (1, 1) to (3, k) given by (1, 1)(1, 2n)(2, 2n)(2, 2n -1 )... (2, 2k -1) x P(1, k -1)(1, k)... (1, 2n -1)(3, 2n) (3, 2n -1 Now, let 2 < k < 2n. Then by Lemma 10, the induced subgraph G(k -1) contains a Hamiltonian path P from (2, k -1) to (1, k -1) . Then a required Hamiltonian path in G from (1, 1) to (1,k) is given by (1, 1) (1,2n) (2,2n) (2,2n -1) ... (2, k-1) 
Case 3. y lies in the second cycle C2, (2) . In this ease y = (2, k) where k is odd. If k = 1, then a required Hamiltonian path is (1, 1)(3,2)(3, 1)(3,2n)(3,2n-1)... If k --3, then a required Hamiltonian path is (1,1)(3,2)(3,3)(3,4)(1,3)(1,2)(2,2)(2, 1)(3, 1)(3,2n)(3,2n-1)...
• .. Hence we may now assume that k > 5. Now, if 2n -k -1 is divisible by 4, then by Lemma 11, there exists a Hamilton(an path P from (1,k + 2) to (2, k + 2) in the subgraph of G induced by {(i,j)pi = 1, 2, 3; k + 2 ~< j ~< 2n}. A required Hamilton(an path in G is: (1, 1)(1, 2) ..-(1, k -1)(2, k -1)(2, k -2)... (2, 1)(3, 1)(3, 2)--. (3, k + 1) x (1, k)(1, k + 1) P(2, k + 1)(2, k) (see the illustration in the following figure) . (1, 1) ( Finally, if 2n-k-3 is divisible by 4, then again by Lemma 11, there exists a Hamilton(an path P in the subgraph of G induced by {(i,j)li= 1,2,3; k + 2 ~ j ~< 2n -2} from (1, k + 2) to (2, k +2). A required Hamilton(an path in G is (1, 1)(1,2n)(1,2n -1)(3, 2n)(3, 2n -1)(2, 2n -1)(2, 2n) (2, 1)(3, 1)(3, 2)(3, 3)(3, 4)(1, 3) ( 1, 2)(2, 2)(2, 3)(2, 4)(1,4)(1,5) .
This proves that the result is true for m = 1. It is easy to see that a brick-product C(2n, 1, r) is decomposable if and only if gcd((r + 1)/2, n) > 1 or gcd((r -1)/2, n) > 1. We have Theorem 13. Let G be the brick-product C(2n, 1,r). Let s = gcd((r + 1)/2, n) and
t = gcd((r -1)/2, n). If st is even, then G is Hamiltonian laceable.
Proof. Without loss of generality, we may assume that s is even. Then C = 12(2 + r)(2 + r + 1)(2 + 2r + 1)(2 + 2r + 2)... (2 + kr + k -1) is a cycle, where k = n/s. From the construction of C and the fact that the mapping f from G to G defined by f(x) = x + 2 is an automorphism of G, 2h + C is a cycle which is either disjoint with C or identical to C, for each positive integer h. There are exactly s such cycles. In fact, G is isomorphic to C(2k, s, r~) for some even rl, and is thus Hamiltonian laceable by a result in [1] , since s is even. [] Theorem 14. Let G be the brick-product C(2n, l,r). Let s = gcd((r + 1)/2, n) and
n). Then G is Hamiltonian laceable if any one of the following condition holds:
(i) s is odd and rs -r + 1 + 3s(mod4n); (ii) t is odd and rt -r -1 -3t (mod 4n).
Proof. From the given conditions, it is easy to see that both s, t are greater than 1. Using the automorphism f of G as given in the proof of Theorem 13, it can be shown that if (i) is satisfied, then G can be decomposed into s cycles and G~-C(2n/s,s, rl) with (r -3)s -(r + 1)rl (mod 4n). However, as rs -r + 1 + 3s (mod 4n), we have rl = I. Hence G is Hamiltonian laceable, by Lemma 12. Similarly, if(ii) is satisfied, then G ~-C(2n/t, t, rl) with (r + 3)t -(r-1)rl (mod 4n). Again, the condition rt = r-1 -3t (mod 4n) ensures that r~ = 1 and so G is Hamiltonian laceable, by Lemma 12. [] Corollary 15. All C(2n, 1, r) are Hamiltonian laceable when n is even.
Proof. This follows from Theorem 13 and the fact that either (r -1)/2 or (r + 1)/2 is even. [] 
Hamiltonian laceability of sufficiently large brick-products
A path of the form xJP-1 [m] is called a loop and will be denoted by [m] , whereas, a path of the form xJP [m]J-IP[k] , with m + k = r + 1 is called an (k,m) -twist (or simply a twist) and will be denoted by [klm] .
The tail-digraph T[r] is defined as follows. [3 [ 11 ] [2] [ 11 [ 3] [9 [ 5] [8] be a trail in T[ 13] . Then the length of 5e is 2+ 14+ 10+ 14+2+ 14+14+8=78 and the path induced by 5 a with initial vertex 13 is (13)(12)(25)(26)(27)(14)(15)... (24)(37)(36)...
• .
- (28)(41)(42) ... (51)(38)(39)(40)(53)(52)(65)(66)(67)(54)(55)-..
• .. (64)(77)(78)... (81)(68)(69)... (76)(89)(88)
... (82).
Note that, except for the first vertex [2] , the trail Se can be uniquely determined by the symbol [2] tltlttl where each t is a twist and each l is a loop. We shall adopt this abbreviation throughout the following discussion.
Lemma 16. For any two vertices [a] and [b] in T[r] and any even nonnegative integer i~< r-1, there exists a trail 6 a = [a]sls 2 ... sk[b ] in T[r] such that the length f of sis2 ...SR is at most (r--3)(r + l) + 4 and f -i(modr + 1).
Proof. We shall only consider the case r = 3(mod4). The other case where r = 1 (mod 4) is similar.
Let e = (r -3)/2, L = {2, 4, ..., e} and R = {e + 2, e + 4, ..., r -1}. For any element a in L w R, we shall write a T (resp. a ~ ) to mean that a e L (resp. a e R). Also, for any a, b e L w R, we shall write (a --* b) if any of the following conditions hold:
(1) aT,bT and a ~< b; (2) aT,b+ anda~<r-l-b; (3) a+,bT andr-l-a<b; (4) a+,b~ andb~<a. 
Case 4.1: aT ,b+, i~, (a--* i) and i ¢ (r + 1)/2. Required trail:
Proof. We first introduce some sequences of paths and vertices in G as follows. and for k > 1, we put Pk = Vi'-l J-I p [2] ,
Next 
. ! i
It can be shown that for any negative odd integer x ~> -2n, there exist s and i such that x ~ {xi,x'i,x'i', yi, y'i, y'i'}. As G is vertex transitive, we need only to show that, for any odd vertex x in G, there exists a Hamiltonian path from 0 to x. We have the following two cases to consider.
Case 1:0 < x ~< n. In this case, by the argument used in the proof of" Lemma 5, there exists a gapless path P from 0 to some positive odd vertex y < r such that V(P) = {0, 1 ..... z}, where z is an odd positive vertex with x -z < r (see the illustration in the following figure, where r = 7, x = 29, y = 3, z = 27). 
A final remark
Although the results in the paper show that most C(2n, 1, r) are Hamiltonian laceable, with which it is possible to deduce the Hamiltonian laceability of some classes of C(2n, t, r) for odd t, the general problem whether or not all brick-products are Hamiltonian laceable remains open.
